We report a novel miniature Paul ion trap design with an integrated optical fibre cavity which can serve as a building block for a fibre-linked quantum network. In such cavity quantum electrodynamic set-ups, the optimal coupling of the ions to the cavity mode is of vital importance and this is achieved by moving the ion relative to the cavity mode. The trap presented herein features an endcap-style design complemented with extra electrodes on which additional radiofrequency voltages are applied to fully control the pseudopotential minimum in three dimensions. This method lifts the need to use three-dimensional translation stages for moving the fibre cavity with respect to the ion and achieves high integrability, mechanical rigidity and scalability. Not based on modifying the capacitive load of the trap, this method leads to precise control of the pseudopotential minimum allowing the ion to be moved with precisions limited only by the ion's position spread. We demonstrate this by coupling the ion to the fibre cavity and probing the cavity mode profile.
Introduction
The field of atomic physics has advanced greatly since the advent of ion traps which confine ions for unprecedented durations without utilising the internal states of the ions. Because ion traps offer unparalleled levels of control over the ions' mechanical and internal degrees of freedom, many experiments have sought to combine them with optical cavities for enhanced atom-light interactions. As a result, there have been a number of significant experiments: single photons were generated on demand (1 ), cavity sideband cooling was performed on single ions (2 ), super-radiance was observed with the collective coupling of coulomb crystals (3 ), tunable ion-photon entanglement has been demonstrated (4 ), multiple ions have been deterministically coupled to a cavity (5 ) . The combination of ion traps with optical cavities is also considered to be one of the most promising avenues for advances in quantum information processing. Whilst there has been remarkable progress in the preparation, gate operation and readout of qubits (6 , 7 ) , to date, these implementations have been limited to small scales, with 14 being the largest number of qubits entangled (8 ) . Presently, challenges in the physical implementations of large quantum systems pose the greatest difficulty in advancing experimental quantum information science. Among the proposed solutions to tackle the scalability problem (eg. (9 -12 ) ), distributed quantum information processing based on photonic links is the most promising. Notably, modular approaches using trapped ions as stationary qubits have attracted significant interest. However, so far, optically heralded entanglement with remote trapped ions has only been demonstrated using high numerical aperture lenses for the collection of photons, a method which suffers from low efficiencies in the entanglement generation (13 , 14 ) . Placing the ions in an optical cavity, this efficiency can be greatly enhanced. Further, by reducing the cavity mode volume, one can enhance the ion-cavity coupling and, subsequently, the efficiency of operations. To this end, fiber-based Fabry-Pérot cavities (FFPCs) have been combined with ion traps (15 -17 ) . In such ion trap-cavity systems, the optimal positioning of the ion with respect to the cavity mode is of vital importance. In the previously demonstrated designs of ion traps combining FFPCs (15 -17 ) , the FFPCs were mechanically translated to optimise the overlap between the ion and the cavity mode. In addition to the need for a three-dimensional positioning system which tends to be bulky and expensive, the movable cavities affect the trapping field and shift the geometrical center of the trap as they are moved. This adds complexity to the trapping and optimisation of the ion-cavity coupling.
In contrast, in this paper, the tuning of the ion-cavity coupling is done by moving the ion electrically instead of moving the cavity.
In this way, we minimise the number of the movable elements in our trap and realise a highly integrated system which facilitates mechanical rigidity, compactness and scalability without sacrificing the ability to reach optimal ion-cavity coupling. Recently this trap was successfully used to demonstrate the alteration of photon emission rates of a single trapped ion due to the Purcell effect (18 ) .
Moving an ion in a Paul trap using a dc voltage is often not acceptable as it causes heating of the ion through excess micromotion. An approach based on the modification of the pseudopotential has been established in (19 ) by using tunable capacitive loads attached to the trap electrodes. The authors report a micrometer precision in their ability to shift the ion's position. However the drawbacks in this method are: 1) The secular frequency of the trap may be substantially lowered by the added capacitive load. 2) Care must be taken to minimise the phase shift on the rf signal caused by the capacitors which would otherwise lead to excess micromotion. 3) Manual tuning of bulk capacitors is difficult to repeat with precision. In contrast to the techniques employed in (19 ) , our trap architecture presented here does not require the addition of capacitors to shift the pseudopotential minimum. Instead, additional rf signals are directly applied to rf-electrodes integrated within the trap. The amplitudes and phases of the additional rf signals are digitally controlled by function generators, allowing for rapid, precise and repeatable tuning. As a result, we have been able to improve the positioning of the pseudopotential minimum down to the spread of the ion position. This paper is organised as follows. In section 2, we introduce the core trap design featuring extra electrodes used to move the ion electrically. We numerically simulate the ion's motion with respect to the cavity mode centre. In section 3, we describe the trap infrastructure with a focus on the integrability and mechanical rigidity of the design which is attested by the measured stability of the FFPC. In section 4, we present the experimental methods used to compensate excess micromotion due to the additional rf fields. We show the mapping of the cavity mode by displacing the ion. We conclude with a summary and outlook in section 5. Figure 1 . A drawing of the trapping region. A pair of electrode assemblies face one another in the axial direction, surrounded by four electrodes on the radial plane. Only a cross section of the upper assembly is shown to reveal the inner structure. The ion is symbolised by a small sphere in the centre. The main pseudopotential is generated by applying an rf voltage to the outer electrodes whilst the other electrodes are held at rf-ground.
Ion trap design
We have designed a novel radio-frequency (rf) Paul trap with an integrated FFPC. The trapping structure is an endcap-style ion trap (20 , 21 ) . The trapping potential is formed by a pair of electrode assemblies each consisting of two concentric stainless steel tubes separated by a ceramic spacer (see Fig. 1 ). The assembly is bonded together by an ultra-high vacuum compatible adhesive. The key design dimensions of components near the trapping region are detailed alongside the schematic in Fig. 1 . By applying an rf voltage on the outer electrodes whilst holding the inner electrodes at rf-ground, a trapping potential can be formed to trap a single ion at the centre of the design. The cavity fibres are inserted into the inner electrodes such that the resulting cavity mode encompasses the trapped ion. By recessing the fibres by 5-10 µm in the inner electrodes, the dielectrics are well shielded from the trapping electric field and do not distort the trapping potential as a result.
On the radial plane are four cylindrical electrodes placed 1.0 mm from the trap centre. By applying dc voltages to two adjacent electrodes as well as the inner electrodes, the excess micromotion due to stray static electric charges can be fully compensated in three dimensions (3D) using the rf-correlation technique (22 ) . By applying rf signals synchronous to the main trap drive to the other two radial electrodes as well as the inner electrodes, the pseudopotential minimum position can be fully controlled in 3D, allowing the ion-cavity coupling to be optimised both radially and axially. Fig. 2 shows a simulation (23 ) of the trap pseudopotential when an rf voltage at a frequency of 20 MHz and amplitude 200 V is applied. In this simulation, all radial electrodes are held at rf-ground. One can see that the fibres are well-shielded from electric fields. The pseudopotential at the trap centre can be well approximated by the quadratic potential of an ideal Paul trap. Although, the radial electrodes break the cylindrical symmetry, they have negligible effect near the centre. From fits to the pseudopotentials at different rf voltage amplitudes (see Fig. 2 (b)), we find axial and radial secular frequencies of 7.3 kHz/V and 13.6 kHz/V respectively.
The FFPC is formed by two fibres (24 ) whose facets have radii of curvature of 560 µm and are coated for high reflectivity at 866 nm wavelength with 25 ppm transmission resulting in a finesse of 48,000. At the chosen cavity length of 370 µm, the cavity mode waist is calculated to be 8.5 µm. The fibre in the upper assembly is a single mode (SM) fibre and serves as the input. The second fibre is a multimode (MM) fibre and serves as the output as the cavity mode is most efficiently coupled into this fibre. The SM and MM fibres have a protective copper coating with thicknesses of 30 µm and 20 µm respectively. The FFPC fibres are carefully inserted and glued to the electrode assemblies ensuring the pair are concentric. However, due to imperfections in the insertion procedure and due to thermal drifts during the curing period, the axes of symmetry of the inner electrode and the fibre may deviate from one another by a few micrometers. Facet images of the inner electrodes with the inserted fibres (see Fig. 3 ) reveal off-concentricities of 3 ± 1 µm and 9 ± 1 µm for the assemblies. As a result, we cannot expect the trapped ion to optimally overlap with the cavity mode therefore highlighting the need for the radial electrodes on which rf voltages can be applied to shift the ion's radial position. Fig. 4 (a) shows a cross section of the pseudopotential when an rf voltage of 200 V is applied to one of the radial electrodes. At a typical main drive amplitude of 200 V, we find that the ion can be shifted radially by more than 15 µm. From the pseudopotential minimum positions, y min , at various rf amplitudes, V rf y , on the radial electrode (see Fig. 4(b) ), we find the pseudopotential minimum position can be fitted with the second order polynomial y min = (6.1
y . To precisely control the ion's position in the standing wave of the cavity mode, a differential rf voltage, V rf zu , can be applied on the inner electrodes in an anti-symmetric manner (i.e. V rf z /2 on the upper electrode and −V rf z /2 on the lower electrode). With simulations we find that we can move the ion by more than 2 µm (corresponding to more than two full wavelengths in the standing wave of the cavity more) with as little as 1 V of synchronous differential rf on the inner electrodes. Fig. 5 shows a cross section of the design supporting the trap electrodes. The main rf signal is supplied to the outer electrodes via bored cylindrical stainless-steel mounts to which the electrode assemblies are secured using grub screws. The lower assembly is attached to a piezoelectric translational stage (25 ) for precise radial alignment with respect to the upper assembly. The radial alignment is done such that the cavity transmission signal is optimised. Electrical isolation for both electrode assemblies is provided by Macor platforms inserted between the bored stainless steel mounts and the rest of the supporting architecture. The inner electrodes are accessible through the Macor platforms and the bored openings for delivering electrical signals to them. Atop the Macor platform suspending the upper assembly are a pair of ring piezoelectric actuators used to scan and stabilise the cavity length. One is a multilayer piezo (26 ) with stroke 1.5 nm/V whilst the other is a monolayer piezo (27 ) and stabilisation of the cavity length is facilitated by a Viton ring (VACOM) (see inset of Fig. 5 ) which compresses in response to change in pressure from the piezos. An additional Macor ring provides electrical isolation between the piezos. To aid the locking of cavity length, the system is isolated from surrounding mechanical vibrations by placing it on a set of stainless steel stacks separated by Viton rubber parts which inhibit the propagation of mechanical vibrations (not shown in the figure) . Furthermore, the fibres are clamped immediately outside the structure to provide strain relief.
Trap infrastructure
A laser at 897 nm is used for stabilising the cavity length using the Pound-Drever Hall technique. The cavity linewidth with this laser is 22 MHz. For a stable cavity lock, the system should ideally have a flat response in gain and in phase for different feedback frequencies. This is however not the case in practice as the electrical as well as mechanical responses of system constituents (piezos, amplifiers, etc...) cause nonuniformity in the system's transfer function. As such, we first measured the transfer function of the system and found it to exhibit a derivative-like profile in gain accompanied by a sharp drop in phase at two distinct frequencies: 900 Hz and 9 kHz. This non-uniformity can be compensated by combining a low-pass filter, a band-pass filter and a high-pass filter. After introducing this custom filter, we are able to stably lock the cavity to the 897 nm laser to within a standard deviation of one thirteenth of the cavity linewidth. We find it is sufficient to use the multilayer piezo alone to stabilise the cavity.
To trap ions, the oven is resistively heated expelling an effusive atomic beam which is collimated to propagate between the electrode assemblies. The atomic beam is ionised by ionisation lasers at the trap centre in the trapping region which is optically accessible via the eight windows of the cage.
This design has been demonstrated to trap ions for several hours in the presence of the FFPC. The cavity finesse of has not degraded over the course of 2 years. To stabilise the cavity length, the signal from the PD is fed back to the piezos (PZT) via a proportional and integral (PI) circuit and a custom filter (CM). A single photon counting module (SPCM) is employed to count the cavity's 866 nm photon emission.
Set up
The ionic species used in this experiment is 40 Ca + . Fig. 6(a) shows the relevant energy level scheme of the ion. The ion is Doppler cooled on the S 1/2 ↔ P 1/2 transition. Repumper beams at 850 nm and 854 nm beams are used to depopulate the metastable D 3/2 and D 5/2 states respectively. Part of the ion's fluorescence is collected by a photomultiplier tube, the count rate of which is used to compensate excess micromotion using the rf-correlation technique as well as to perform spectroscopic measurements. The ion's fluorescence is also focused onto an Electron Multiplying CCD camera (EM-CCD) by a set of objective lenses (OL) (Fig. 6(b) ). The EMCCD image is used to monitor the ion's position.
The fibre cavity is tuned to the P 1/2 ↔ D 3/2 transition. The detection set up for the cavity emission is shown in Fig. 6(b) . An 897 nm beam is injected at the input of the single mode cavity fibre; the cavity transmission is used to stabilise the cavity length using the Pound-Drever Hall technique. The frequency of the 897 nm beam is finely tuned such that the cavity satisfies a double resonance condition for both the stabilising beam and the P 1/2 ↔ D 3/2 transition at 866 nm. To separate the cavity emission signal at 866nm from the stabilising beam (897 nm) a dichroic mirror and band pass optical filters are employed. The cavity emission at 866 nm is detected by a single photon counting module (SPCM) whilst the stabilising beam is transmitted toward a photo-detector (PD) whose signal is fed to the piezo-electric transducers (PZT) via feedback electronics to stabilise the cavity length.
The schematic in Fig. 7 shows the electrical set-up of the system. For simplicity, we only show one radial electrode and the dc connections are not included. A helical resonator is used to amplify the main rf drive delivered to the outer electrodes of the upper electrode assembly (UEA) and the lower electrode assembly (LEA). 
Matching the phases of the additional rf signals
The additional rf signals need to be applied in-phase with the main rf drive at the trap. Otherwise they would cause the ion to have excess micromotion due to the phase mismatch (22 ) . This means that the phase mismatch can be detected through the ion's micromotion, which allows an in-situ optimisation of the phases regardless of various phase delays on the transmission lines. Having compensated the micromotion from stray dc fields, the excess micromotion caused by the phase mismatch, δ, of an additional rf field is described by (22 ) 
when δ 1 and where q is the trap's q-parameter, R the ion-electrode distance, α the dipole moment of the trap and ω the drive frequency used. Therefore the induced micromotion is proportional to the mismatch δ and notably the polarity of the oscillation changes around δ = 0. This can be clearly seen in Fig. 8(a) , where the micromotion amplitude is measured with the rf-correlation technique using the ion's UV fluorescence as the phase of FG3 is scanned.
The same procedure can be repeated for the other radial and axial directions. In the case of the axial direction, however, we use the ion's cavity emission signal instead of the free-space fluorescence because it has a greater sensitivity to the axial micromotion. In the presence of induced micromotion along the cavity axis, the ion's coupling strength to the cavity mode is modulated at the trap drive frequency (28 ) and so is the count rate of the cavity emission detected at the SPCM. In order to generate a continuous stream of photon emission, the cavity is locked to the 866 nm transition to satisfy a cavity-assisted Raman resonance condition while the ion is continuously cooled with the 397 nm, 850 nm and 854 nm beams. The ion is placed at the position with the highest ion-cavity coupling gradient to maximise the sensitivity to micromotion. Fig. 8(b) shows the micromotion amplitude as a function of the FG4 and FG5 common phase (i.e. the phases of FG4 and FG5 are changed whilst keeping the phase difference constant). The results in Fig. 8(a) and (b) show that the phases of the additional rf signals can be unambiguously optimised with the crossing points at the zero amplitude, which ensures minimised micromotion in all three dimensions. 
Mapping the cavity mode
Using the method discussed in the preceding subsection, the ion can be spatially displaced without inducing excess micromotion by changing the amplitudes of the additional rf signals. Furthermore, the spatial structure of the cavity mode can be probed with the change of the cavity emission counts as the ion is translated along one of the axes. This provides a means to identify the ion's position with respect to the centre of the cavity mode and optimise the coupling between the ion and cavity.
To probe the standing wave structure of the cavity mode, the differential rf voltages of FG4 and FG5 are varied to scan the ion's position along the axial direction (see Fig. 7 ). The cavity emission is generated by the cavity-assisted Raman transition as described in the last section and monitored at the SPCM. The result is illustrated in Fig. 9 which clearly shows a trace of cavity's standing wave, the periodicity of which corresponds to the spatial separation of half the wavelength of 866 nm. There is a background contribution count rate of 4,200 counts from the stabilising. We compute a visibility of 83±3%. From the data we can infer that the spatial resolution for the average position of the ion is better than 10 nm.
As in the case for the axial direction, the radial profile of the cavity mode can be similarly probed by scanning the amplitude of the rf signal applied to one of the radial electrodes. Due to the relatively large spatial structure of the cavity mode along the radial direction, we can gauge the physical dimension of the profile via the actual displacement of the ion's image on the EMCCD camera (Fig. 6 ). Using the known distance between the UEA and LEA, the camera image is calibrated to 2.0 µm per pixel. Fitting the fluorescence image on the camera with a Gaussian function, the ion's mean position is obtained. Fig. 10(a) shows the ion's position as a function of the rf voltage of FG3 (before the amplifier). For each rf voltage setting, we place the ion at an anti-node of the cavity mode. Subsequently we scan the cavity frequency across the Raman resonance and record the cavity emission spectrum as shown in the inset of Fig. 10(b) . The spectral area is computed as an indicator for the relative coupling between the ion and cavity. The spectral area is used since it is immune to potential inhomogeneous broadening and therefore gives more reliable insight than the SPCM count rate at any given detuning. Fig. 10(b) shows the spectral area as a function of the ion's radial position. A Gaussian fit gives a waist of (8.4 ± 0.1)µm which agrees well with the calculated value of 8.5 µm for the expected waist of the TEM00 mode. When no additional rf is applied, the ion is trapped 3.9 µm from the cavity mode centre in this direction.
Conclusion
We have designed and built a novel ion trap with an integrated FFPC. By shielding the fibres inside tubular electrodes the detrimental effects on the trapping capabilities by the proximity of the fibres to the trapped ion have been mitigated. By integrating additional electrodes into the design, we have succeeded in full control of the ion's position relative to the cavity mode solely by using radiofrequency signals.
We have demonstrated that the excess micromotion induced by the phase mismatch of the additional rf signals can be explicitly minimised in all three spatial dimensions. Furthermore, by probing the spatial structure of the cavity mode with the ion's cavity emission, it has been shown that the ion can be positioned with precisions on the order of 10 nm, which enables precise tuning of the ion-cavity coupling.
This state of the art design offers a promising solution to advancement in the implementation of large scale quantum networks using fibre-linked modular ion traps, an implementation considered key to advancing experimental quantum information science. Future experiments will look at incorporating FFPCs with mode matching optics (29 ) into this type of ion trap to facilitate highly efficient ion-ion coupling between fibre linked traps.
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